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Some examples of global Poisson structures on S4
Takayuki MORIYAMA and Takashi NITTA
Abstract. A Poisson structure is represented by a bivector whose Schouten bracket
vanishes. We study a global Poisson structure on S4 associated with a holomorphic
Poisson structure on CP3. The space of the Poisson structures on S4 is a real algebraic
variety in the space of holomorphic Poisson structures on CP3. We generalize it to HPn
by using the twistor method. Furthermore, we provide examples of Poisson structures
on S4 associated with codimension one holomorphic foliations of degree 2 on CP3.
1 Introduction
Classical mechanics is described as symplectic geometry in Hamiltonian formalism. The
classical mechanics is also written by Poisson algebra, and it is formulated to Poisson
geometry. Poisson geometry is a natural generalization of symplectic geometry. It has been
developed to many branches in mathematical physics, for example, dynamical system,
quantization, non-commutative geometry, reduction theory and global analysis (cf. [1],
[11], [12]). Especially, in the global analysis it is an important problem how many Poisson
structures exist on a manifold. For example, there is no symplectic structure on S4 but
Poisson structures exist. Our purposes of this paper are to investigate how many Poisson
structures exist on S4 and to construct explicitly many examples of Poisson structures on
S4.
A global antisymmetric 2-vector is called a bivector. The Schouten bracket of two
bivectors is defined by the convolution of the covariant derivative of the one and the
other, further antisymmetrization of it. The bivector is called a Poisson structure if the
Schouten bracket of the bivector with itself vanishes. Since the Schouten bracket is valued
in the space of antisymmetric 3-vectors, any bivector is always a Poisson structure on
2-dimensional manifolds. In general, the equation for vanishing the Schouten bracket
is written as a system of partial differential equations. It is very complicated to solve
the equation even on 3-dimensional manifolds. Moreover, it is much harder to solve the
equation globally on the manifold. Hence, on 3-dimensional manifolds, the existence of
the Poisson structure is non-trivial and the explicit construction is also difficult.
In the holomorphic category, holomorphic bivectors and holomorphic Schouten brack-
ets are considered (c.f. [6]). When the Schouten bracket vanishes, the holomorphic bivector
is called a holomorphic Poisson structure. On complex surfaces, any holomorphic bivector
is always a holomorphic Poisson structure since the Schouten bracket is also a holomorphic
antisymmetric 3-vector. Hitchin and Goto had deep results for deformations of the holo-
morphic Poisson structures [5] [7]. On the 3-dimensional complex projective space CP3,
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a holomorphic Poisson structure corresponds to a codimension one holomorphic foliation
of degree 2. Cerveau and Lins Neto proved that the space of holomorphic foliations of
degree 2 has six irreducible components [3]. By their classification, a holomorphic Poisson
structure on CP3 is completely classified (c.f. [8]).
In this paper, we consider global Poisson structures on the 4-dimensional sphere S4
by using the twistor method [4] [9]. The projective space CP3 is the Hopf fibration over
S4. We study Poisson structures on S4 associated with holomorphic Poisson structures on
CP
3. We provide a real structure on the space of holomorphic Poisson structures on CP3.
The space of the Poisson structures on S4 has the R∗-action induced by the C∗-action on
the space of holomorphic Poisson structures on CP3. Then we show that
Theorem 1.1. The space of Poisson structures on S4 induced by holomorphic Poisson
structures on CP3 is the real form of the space of holomorphic Poisson structures on CP3
and it is a real algebraic variety. Moreover, the quotient of the space by the R∗-action is
a real projective algebraic variety.
The sphere S4 is regarded as the 1-dimensional quaternionic projective space HP1. We
extend Theorem 1.1 to HPn by the twistor method. The space HPn does not admit any
symplectic structure but Poisson structures. The space of holomorphic Poisson structures
on CP2n+1 is realized as an algebraic variety. We obtain
Theorem 1.2. The space of Poisson structures on HPn induced by holomorphic Poisson
structures on CP2n+1 is the real form of the space of holomorphic Poisson structures on
CP
2n+1 and it is a real algebraic variety. Moreover, the quotient of the space by the R∗-
action is a real projective algebraic variety.
Especially, on CP3, a holomorphic Poisson structure induces a codimension one holo-
morphic foliation of degree 2. However the inverse transformation has much ambiguity.
Pym provided an explicit correspondence of a 1-form α induced a holomorphic foliation
of degree 2 to a unimodular quadratic Poisson bracket on C4 [10]. The Poisson bracket
induces the Poisson structure w on CP3 given by
w =
3∑
i,j=0
dzi ∧ dzj ∧ dα
dz0 ∧ dz1 ∧ dz2 ∧ dz3
∂
∂zi
∧ ∂
∂zj
on C4\{0}. We define a real structure on the space of 1-forms induced holomorphic
foliation of degree 2 on CP3 and prove that the above correspondence preserves the real
structures :
Theorem 1.3. The Poisson structure w is real if the form α is real.
By the transformation, a “real” holomorphic foliation on CP3 induces a Poisson struc-
ture on S4. We obtain examples of such Poisson structures associated with Cerveau and
Lins Neto’s classification of holomorphic foliations on CP3 (see Section 6.3).
This paper is organized as follows. In Section 3, we study holomorphic Poisson struc-
tures on CP3 and see that the space of such structures is an algebraic variety. In Section 4,
we consider Poisson structures on S4 associated with holomorphic Poisson structures on
CP
3 and show Theorem 1.1 (Theorem 4.4 and Corollary 4.5). In Section 5, we extend the
argument to the higher dimensional case as Theorem 1.2 (see Proposition 5.1 and Theo-
rem 5.6). In the last section, we show Theorem 1.3 (Theorem 6.1) and provide examples
of Poisson structures on S4 related to holomorphic foliations on CP3.
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2 Preliminaries
In this section, we explain the definition of Poisson structure. For much of this material,
we refer to [7] and [11]. LetM be a differentiable manifold of dimension n. A global section
of ∧qTM is called a q-vector onM . We write a 2-vector u onM by u =∑ni,j=1 uij ∂∂xi ∧ ∂∂xj
on a local coordinate (x1, . . . , xn) of M . The Schouten bracket [u, v]Sch for two 2-vectors
u, v is locally defined by
[u, v]Sch =
∑
i,j,k,l
[uij
∂
∂xi
∧ ∂
∂xj
, vkl
∂
∂xk
∧ ∂
∂xl
]Sch
=
∑
i,j,k,l
{
uij
∂vkl
∂xi
(
∂
∂xj
∧ ∂
∂xk
∧ ∂
∂xl
)− uij ∂v
kl
∂xj
(
∂
∂xi
∧ ∂
∂xk
∧ ∂
∂xl
)
+vkl
∂uij
∂xk
(
∂
∂xi
∧ ∂
∂xj
∧ ∂
∂xl
)− vkl ∂u
ij
∂xl
(
∂
∂xi
∧ ∂
∂xj
∧ ∂
∂xk
)
}
where u =
∑n
i,j=1 u
ij ∂
∂xi
∧ ∂
∂xj
and v =
∑n
k,l=1 v
kl ∂
∂xk
∧ ∂
∂xl
.
We prepare a torsion free connection ∇ of M . Then the Schouten bracket is also
globally defined by the following map
Γ(∧2TM ⊗ ∧2TM) −→ Γ(∧2TM ⊗ TM) −→ Γ(∧3TM)
∈ ∈ ∈
(u, v) 7−→ ∇u · v +∇v · u 7−→ ∧3(∇u · v +∇v · u)
where ∇u · v is the convolution of ∇u ∈ Γ(∧2TM ⊗ T ∗M) and v ∈ Γ(∧2TM) and the last
map ∧3 means the antisymmetrization.
We consider a 2-vector u as a homomorphism T ∗M → TM . Then the vector field
u(df) is the Hamiltonian vector field for a function f on M . We can define a bracket {·, ·}
by {f, g} = u(df)g(= −u(dg)f) for functions f, g on M . The bracket {·, ·} is a Poisson
bracket on M , that is, satisfying the Jacobi identity, if [u, u]Sch = 0. We call that a
2-vector u is a Poisson structure on M if the Schouten bracket [u, u]Sch vanishes. The
equation [u, u]Sch = 0 is written as a system of partial differential equations that is so hard
to solve. When the manifold is a complex manifold, the Schouten bracket is extended to
complex 2-vectors by C-linear. Then the Schouten bracket [u, v]Sch for two holomorphic
2-vector u, v is a holomorphic section of ∧3T 1.0M . A holomorphic 2-vector u is called a
holomorphic Poisson structure if the Schouten bracket [u, u]Sch vanishes. A holomorphic
Poisson structure u induces two (real) Poisson structures as its real part and imaginary
part. On a complex two dimensional manifold, any holomorphic 2-vector is a holomorphic
Poisson structure. However, it is even hard to find a holomorphic Poisson structure in the
case that the complex dimension is greater than and equal to three.
3 Holomorphic Poisson structures on CP3
In this section, we study the space of holomorphic Poisson structures on CP3. We refer
to [2] for Poisson structures on projective spaces.
3.1 Holomorphic q-vectors on CP3
Let π be the projection C4\{0} → CP3. Any holomorphic q-vector on CP3 is given by
the pushed forward of a C∗-invariant holomorphic q-vector on C4\{0}. We define V˜q and
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Vq as the space of C
∗-invariant holomorphic q-vectors on C4\{0} and that of holomorphic
q-vectors on CP3, respectively. We denote by (z0, z1, z2, z3) the standard coordinate of C
4.
Any holomorphic 1-vector on CP3 is represented as the pushed forward of a holomorphic
1-vector
∑
i,j aijzi
∂
∂zj
on C4\{0} since the coefficients are polynomials of degree 1. We
consider the correspondence given by
∑
i,j
aijzi
∂
∂zj
7→ (aij). (1)
Then we obtain the isomorphism
V˜1 =
{∑
i,j
aijzi
∂
∂zj
∣∣∣ aij ∈ C} ∼= gl(4,C)
where gl(4,C) is the Lie algebra of the general linear group GL(4,C) of C4. The action of
C
∗ on C4\{0} induces the vector field
l = z0
∂
∂z0
+ z1
∂
∂z1
+ z2
∂
∂z2
+ z3
∂
∂z3
The 1-dimensional space 〈 l 〉
C
is the space of holomorphic 1-vectors on C4\{0} which
vanish by the push forward dπ. Hence, the space V1 of holomorphic 1-vectors on CP
3 can
be identified with the quotient space of V˜1 divided by 〈 l 〉C :
V1 =
{∑
i,j
aijzi
∂
∂zj
∣∣∣ aij ∈ C} / 〈 l 〉C
Under the correspondence (1), we obtain the isomorphism
V1 ∼= gl(4,C)/ 〈E〉C ∼= sl(4,C)
where sl(4,C) is the Lie algebra of the special linear group SL(4,C).
A holomorphic 2-vector on CP3 is the pushed forward of a holomorphic 2-vector on
C
4\{0} whose coefficients are polynomials of degree 2. Such a 2-vector can be represented
by aijklzizj
∂
∂zk
∧ ∂
∂zl
for a complex number aijkl. Then we can consider the coefficients
aijkl as the element (aijkl) of the tensor space S
2
C
4 ⊗ ∧2(C4)∨ where S2C4 and ∧2(C4)∨
are the symmetric 2-tensor space of C4 and the anti-symmetric 2-tensor space of the dual
space (C4)∨ of C4, respectively. Hence,
V˜2 =
{
aijklzizj
∂
∂zk
∧ ∂
∂zl
} ∼= S2C4 ⊗ ∧2(C4)∨.
Since any holomorphic 2-vector which vanishes by dπ is represented by (
∑
i,j aijzi
∂
∂zj
)∧ l
on C4\{0}, the space V2 of holomorphic 2-vectors on CP3 is regarded as the following
quotient space :
V2 =
{∑
i,j,k,l
aijklzizj
∂
∂zk
∧ ∂
∂zl
∣∣∣ aijkl ∈ C} / {(∑
i,j
aijzi
∂
∂zj
) ∧ l
∣∣∣ aij ∈ C}.
We also have the isomorphism
V2 ∼= S2C4 ⊗ ∧2(C4)∨ / S2 ⊗ ∧2(sl(4,C) ⊗ 〈E〉C)
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where S2 ⊗ ∧2 is the projection map from gl(C4) ⊗ gl(C4) ∼= (⊗2C4) ⊗ (⊗2(C4)∨) to
S2C4 ⊗ ∧2(C4)∨.
As the same manner, the space V˜3 of C
∗-invariant 3-vectors on C4\{0} is identified
with
S3C4 ⊗ ∧3(C4)∨
where S3C4 and ∧3(C4)∨ are the symmetric 3-tensor space of C4 and the anti-symmetric
3-tensor space of (C4)∨, respectively. Then, the space V3 of push forward of C∗-invariant
3-vectors on C4\{0} is isomorphic to
S3C4 ⊗ ∧3(C4)∨ /S3 ⊗ ∧3(⊗2sl(4,C)⊗ 〈E〉
C
)
where S3⊗∧3 is the projection from ⊗3gl(C4) ∼= (⊗3C4)⊗ (⊗3(C4)∨) to S3C4⊗∧3(C4)∨.
Hence we obtain the isomorphisms
V˜q ∼= SqC4 ⊗ ∧q(C4)∨,
Vq ∼= SqC4 ⊗ ∧q(C4)∨ /Sq ⊗∧q(⊗q−1sl(4,C)⊗ 〈E〉C)
for q = 1, 2, 3.
3.2 The Schouten bracket on CP3
Let (aijkl) be an element of S
2
C
4⊗∧2(C4)∨. By fixing j and l, we can regard (aijkl) as the
matrix whose (i, k)-component is aijkl, and denote the matrix by Ajl. Then, the matrix
(Ajl) is the gl(C
4)-valued matrix with the (j, l)-component Ajl. Thus, (aijkl) is associated
with the gl(C4)-valued matrix (Ajl). If we take two elements (aijkl), (a
′
i′j′k′l′) of S
2
C
4 ⊗
∧2(C4)∨ and denote by (Ajl) and (A′j′l′) the associated matrices, respectively. Then we
consider the bracket [Ajl, A
′
j′l′ ] = AjlA
′
j′l′ −A′j′l′Ajl of matrices Ajl, A′j′l′ for each j, l, j′, l′
and have the gl(C4)-valued matrix ([Ajl, A
′
j′l′ ]) whose (j, l)-component is [Ajl, A
′
j′l′ ]. More-
over, (([Ajl, A
′
j′l′ ])) is the ⊗2gl(C4)-valued matrix whose (j′, l′)-component is ([Ajl, A′j′l′ ]).
We denote such (([Ajl, A
′
j′l′ ])) by [Ajl, A
′
j′l′ ] for simplicity. Thus, we can determine the
element [Ajl, A
′
j′l′ ] of ⊗3gl(C4) for (aijkl), (a′i′j′k′l′) ∈ S2C4 ⊗ ∧2(C4)∨ .
Under the identification of the space V˜q of C
∗-invariant q-vectors on C4\{0} with SqC4⊗
∧q(C4)∨, the Schouten bracket for C∗-invariant 2-vectors on C4\{0} can be considered as
the map
F˜ : S2C4 ⊗ ∧2(C4)∨ × S2C4 ⊗ ∧2(C4)∨ → S3C4 ⊗∧3(C4)∨
defined by
F˜ (aijkl, a
′
i′j′k′l′) = S
3 ⊗ ∧3(4[Ajl, A′j′l′ ])
for aijkl, a
′
i′j′k′l′ ∈ S2C4 ⊗ ∧2(C4)∨. Then, F˜ is quadratic. We obtain
[dπ(v), dπ(v′)]Sch = dπ[v, v′]Sch (2)
for C∗-invariant 2-vectors v, v′ on C4\{0}. It follows from the π-relation (2) that the
Schouten bracket on CP3 is given by the map from S2C4 ⊗ ∧2(C4)∨/{S2 ⊗ ∧2(sl(4,C) ⊗
〈E〉
C
)}×S2C4⊗∧2(C4)∨/{S2⊗∧2(sl(4,C)⊗〈E〉
C
)} to S3C4⊗∧3(C4)∨/{S3⊗∧3(⊗2sl(4,C)⊗
〈E〉
C
)} induced by F˜ . We denote by F the induced map. Then, we have
Proposition 3.1. The space of holomorphic Poisson structures on CP3 is identified with
{a ∈ S2C4 ⊗ ∧2(C4)∨ /S2 ⊗ ∧2(sl(4,C)⊗ 〈E〉
C
) | F (a, a) = 0}.

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3.3 The Schouten bracket on local coordinates
We start to represent a holomorphic 2-vector v =
∑
i,j,k,l aijklzizj
∂
∂zk
∧ ∂
∂zl
on C4\{0} by
using the local coordinate of CP3. Let Ur be the open set {[z0, z1, z2, z3] ∈ CP3 | zr 6= 0}
of CP3 for r = 0, 1, 2, 3. We denote by ζi the function ζi =
zi
zr
on Ur for each i = 0, 1, 2, 3.
Then the system of functions {ζ0, ζ1, ζ2, ζ3}\{ζr} without ζr defines the inhomogeneous
coordinate on Ur. We remark that ζr = 1 on Ur. The 2-vector dπ(v) is represented by
dπ(v) =
∑
i,j,k 6=r,l 6=r
(aijklζiζj − aijkrζiζjζk − aijrlζiζjζl) ∂
∂ζk
∧ ∂
∂ζl
(3)
on the local coordinate Ur. For simplicity, we denote by Arkl the coefficient of
∂
∂ζk
∧ ∂
∂ζl
in (3) :
Arkl =
∑
i,j 6=r
aijklζiζj − aijkrζiζjζk − aijrlζiζjζl.
We represent the Schouten bracket of dπ(v) on the local coordinates of CP3. For each r,
we can take a triple (a, b, c) of a, b, c,∈ {0, 1, 2, 3}\{r} with a < b < c. Then the 3-vector
∂
∂ζa
∧ ∂
∂ζb
∧ ∂
∂ζc
generates the set of holomorphic 3-vectors on Ur, and it is denoted by vr.
Then the Schouten bracket [dπ(v), dπ(v)]Sch is written by
[dπ(v), dπ(v)]Sch = 2
∑
(k,l,m)∈Rr
(
∂Arkl
∂ζl
Arlm −Arkl∂Arlm
∂ζl
)vr
on each Ur, where Rr be the set {(a,b,c), (b,c,a), (c,a,b)} of the rotation of the triple
(a, b, c). Hence the Schouten bracket [dπ(v), dπ(v)]Sch vanishes if and only if∑
(k,l,m)∈Rr
(
∂Arkl
∂ζl
Arlm −Arkl ∂Arlm
∂ζl
) = 0
on each Ur. It turns out that the space of holomorphic Poisson structures on CP
3 is an
algebraic variety. The space has the C∗-action induced by the constant multiplication of
2-vectors. Then we obtain the following :
Proposition 3.2. The quotient of the space of holomorphic Poisson structures on CP3 by
the C∗-action is a projective algebraic variety. 
4 Poisson structures on S4
LetH be the Hamilton’s quaternionic number field R+iR+jR+kR . ThenH2 is isomorphic
to the right C-module C4 under the identification of H with C2(∼= C + jC). Let p be the
projection from C4\{0} ∼= H2\{0} to HP1 = S4. In this section, we consider real q-
vectors on HP1 given by the push forward of H∗-invariant real q-vectors with holomorphic
(q, 0)-parts on C4\{0}.
4.1 H∗-invariant real q-vectors on C4\{0}
Let W˜q be the space of H
∗-invariant real q-vectors with holomorphic (q, 0)-parts on C4\{0}
:
W˜q = {w ∈ ΓH∗-inv.(∧qTC4\{0}) | wq,0 : holomorphic }.
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The right action of j on C4\{0} induces the map j : C4\{0} → C4\{0} given by
(z0, z1, z2, z3) 7→ (−z¯1, z¯0,−z¯3, z¯2)
for (z0, z1, z2, z3) ∈ C4\{0}. Let l′ denote the complex vector field on C4\{0} generated
by exp(tj) for t ∈ R. Then we have
l′ = z¯0
∂
∂z1
− z¯1 ∂
∂z0
+ z¯2
∂
∂z3
− z¯3 ∂
∂z2
.
Amy C∗-invariant real q-vector w on C4\{0} is H∗-invariant if and only if it is preserved
by l′, that is, L
(l′+l′)
w = L
(l′−l′)w = 0. The condition L(l′+l′)w = L(l′−l′)w = 0 is equal
to Ll′w = 0 since w is real. Hence, the space W˜q is written by
W˜q = {w ∈ ΓC∗-inv.(∧qTC4\{0}) | Ll′w = 0, wq,0 : holomorphic }.
We also define Wq by the space of real q-vectors on HP
1 induced by elements of W˜q :
Wq = {dp(w) ∈ Γ(∧qTHP1) | w ∈ W˜q}.
The real and imaginary parts of l and l′ span the real 4-dimensional vector space. Then
the intersection of the space and W˜1 is the 1-dimensional vector space generated by l+ l¯.
Thus the space
〈
l + l¯
〉
R
is the kernel of the push forward by p, and W1 is identified with
the the quotient space W˜1/
〈
l + l¯
〉
R
. Moreover, there exists an isomorphism
Wq ∼= W˜q / W˜q−1 ∧
〈
l + l¯
〉
R
where the right hand side is the quotient space of W˜q divided by W˜q−1 ∧
〈
l + l¯
〉
R
.
4.2 q-vectors on S4
We consider the space W˜1 of H
∗-invariant real 1-vectors on C4\{0}, whose (1, 0)-parts
are holomorphic. The space of C∗-invariant real 1-vectors on C4\{0} with holomorphic
(1, 0)-parts is {∑
i,j
(aijzi
∂
∂zj
+ a¯ij z¯i
∂
∂z¯j
)
∣∣∣ aij ∈ C}.
Let ϕ be the mapping (0, 1, 2, 3) → (1, 0, 3, 2), that is, ϕ(0) = 1, ϕ(1) = 0, ϕ(2) = 3, ϕ(3) =
2. Now,
Ll′zi = (−1)ϕ(i)z¯ϕ(i), Ll′ z¯i = 0, Ll′
∂
∂zj
= 0, Ll′
∂
∂z¯j
= (−1)ϕ(j) ∂
∂zϕ(j)
for each i, j. It yields that
Ll′

∑
i,j
aijzi
∂
∂zj
+ a¯ij z¯i
∂
∂z¯j

 = ∑
i,j
(−1)ϕ(i)aij z¯ϕ(i)
∂
∂zj
+ (−1)ϕ(j)a¯ij z¯i ∂
∂z¯ϕ(j)
=
∑
i,j
((−1)ϕ(i)aij + (−1)j a¯ϕ(i)ϕ(j))z¯ϕ(i)
∂
∂zj
.
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Hence, the 1-vector
∑
i,j(aijzi
∂
∂zj
+ a¯ij z¯i
∂
∂z¯j
) is H∗-invariant if and only if
aij = (−1)i+j a¯ϕ(i)ϕ(j). (4)
Thus the space W˜1 is written by
W˜1 =
{∑
i,j
(aijzi
∂
∂zj
+ a¯ij z¯i
∂
∂z¯j
)
∣∣∣ aij = (−1)i+j a¯ϕ(i)ϕ(j)}.
We can consider the coefficients aij as the matrix (aij) of gl(4,C) under the correspondence∑
i,j
(aijzi
∂
∂zj
+ a¯ij z¯i
∂
∂z¯j
) 7→ (aij).
Let GL(2,H) be the general linear group of H2. Then the Lie algebra gl(2,H) of GL(2,H)
is identified with the subspace of gl(4,C) by the map
(
a00 + jb00 a01 + jb01
a10 + jb10 a11 + jb11
)
7−→


a00 −b¯00
b00 a¯00
a01 −b¯01
b01 a¯01
a10 −b¯10
b10 a¯10
a11 −b¯11
b11 a¯11

 (5)
for (akl+jbkl) ∈ gl(2,H). Conversely, an element (aij) of gl(4,C) is in the image of gl(2,H)
by the map (5) if aij satisfies the equation (4). Hence, we obtain
W˜1 ∼= gl(2,H).
Since the real 1-vector l + l¯ corresponds to the unit matrix E ∈ gl(2,H), we also have
W1 ∼= gl(2,H)/ 〈E〉R .
We consider the space W˜2 of H
∗-invariant real 2-vectors on C4\{0} with holomorphic
(2, 0)-parts. We take a C∗-invariant real 2-vector w on C4\{0} given by
w =
∑
i,j,k,l
aijklzizj
∂
∂zk
∧ ∂
∂zl
+ bijklziz¯j
∂
∂zk
∧ ∂
∂z¯l
+ a¯ijklz¯iz¯j
∂
∂z¯k
∧ ∂
∂z¯l
for aijkl, bijkl ∈ C. Then the equations ajikl = aijkl, aijlk = −aijkl, bjilk = −b¯ijkl hold
for i, j, k, l = 0, . . . , 3. We recall that the coefficients aijkl define the element (aijkl) of
S2C4 ⊗ ∧2(C4)∨ as in §3.1. Now,
Ll′w =
∑
i,j,k,l
aijkl
(
(−1)ϕ(i)z¯ϕ(i)zj + (−1)ϕ(j)ziz¯ϕ(j)
) ∂
∂zk
∧ ∂
∂zl
+bijkl
(
(−1)ϕ(i)z¯ϕ(i)z¯j
∂
∂zk
∧ ∂
∂z¯l
+ (−1)ϕ(l)ziz¯j ∂
∂zk
∧ ∂
∂zϕ(l)
)
+a¯ijklz¯iz¯j
(
(−1)ϕ(k) ∂
∂zϕ(k)
∧ ∂
∂z¯l
+ (−1)ϕ(l)z¯iz¯j ∂
∂z¯k
∧ ∂
∂zϕ(l)
)
=
∑
i,j,k,l
(
2aiϕ(j)kϕ(l)(−1)j + bijkl(−1)ϕ(l)
)
ziz¯j
∂
∂zk
∧ ∂
∂zϕ(l)
+
(
bijkl(−1)ϕ(i) + 2a¯ϕ(i)jϕ(k)l(−1)k
)
z¯ϕ(i)z¯j
∂
∂zk
∧ ∂
∂z¯l
.
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Hence, the H∗-invariant condition of w is equal to
bijkl = 2(−1)j+laiϕ(j)kϕ(l) = 2(−1)i+k a¯ϕ(i)jϕ(k)l.
It yields that bijkl is uniquely determined by (aijkl) satisfying
aijkl = (−1)i+j+k+la¯ϕ(i)ϕ(j)ϕ(k)ϕ(l). (6)
The space of elements of S2C4 ⊗ ∧2(C4)∨ satisfying the condition (6) is the tensor space
S2 ⊗ ∧2(gl(2,H) ⊗ gl(2,H)). Hence, by the correspondence∑
i,j,k,l
aijklzizj
∂
∂zk
∧ ∂
∂zl
+ bijklziz¯j
∂
∂zk
∧ ∂
∂z¯l
+ a¯ijklz¯iz¯j
∂
∂z¯k
∧ ∂
∂z¯l
7→ (aijkl),
we obtain the isomorphism
W˜2 ∼= S2 ⊗ ∧2(gl(2,H) ⊗ gl(2,H)).
It yields that
W2 ∼= S2 ⊗ ∧2(gl(2,H) ⊗ gl(2,H)) /S2 ⊗ ∧2(gl(2,H) ⊗ 〈E〉R).
Let w be a C∗-invariant real 3-vector on C4\{0}. Then w is given by
w =
∑
i,j,k,l,m,n
aijklmnzizjzk
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂zn
+ bijklmnzizj z¯k
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂z¯n
+b¯ijklmnz¯iz¯jzk
∂
∂z¯l
∧ ∂
∂z¯m
∧ ∂
∂zn
+ a¯ijklmnz¯iz¯j z¯k
∂
∂z¯l
∧ ∂
∂z¯m
∧ ∂
∂z¯n
for aijklmn, bijklmn ∈ C. Then aσ(j)σ(i)σ(k)lmn = aijklmn, aijkτ(l)τ(m)τ(n) = sgn(τ)aijklmn
for permutations σ of {i, j, k} and τ of {l,m, n} and bjiklmn = b¯ijklmn, bijkmln = −b¯ijklmn
for i, j, k, l,m, n = 0, . . . , 3. We can find that the space W˜3 is identified with the tensor
space S3 ⊗ ∧3(⊗3gl(2,H)) :
W˜3 ∼= S3 ⊗ ∧3(⊗3gl(2,H)).
We have
Ll′w =
∑
i,j,k,l,m,n
3aijklmn(−1)ϕ(k)zizj z¯ϕ(k)
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂zn
+bijklmn
(
2(−1)ϕ(j)ziz¯ϕ(j)z¯k
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂z¯n
+ (−1)ϕ(n)zizj z¯k ∂
∂zl
∧ ∂
∂zm
∧ ∂
∂zϕ(n)
)
+b¯ijklmn
(
(−1)ϕ(k)z¯iz¯j z¯ϕ(k)
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂zn
+ (−1)ϕ(m)z¯iz¯jzk ∂
∂z¯l
∧ ∂
∂zϕ(m)
∧ ∂
∂zn
)
+3a¯ijklmn(−1)ϕ(n)z¯iz¯j z¯k ∂
∂z¯l
∧ ∂
∂z¯m
∧ ∂
∂zϕ(n)
=
∑
i,j,k,l,m,n
(
3aijϕ(k)lmϕ(n)(−1)k + bijklmn(−1)ϕ(n)
)
zizj z¯k
∂
∂zl
∧ ∂
∂zm
∧ ∂
∂zϕ(n)
+2
(
−bkϕ(j)inϕ(m)l(−1)j + b¯ijklmn(−1)ϕ(m)
)
z¯iz¯jzk
∂
∂z¯l
∧ ∂
∂zϕ(m)
∧ ∂
∂zn
+
(
3a¯ijϕ(k)lmϕ(n)(−1)n + b¯ijklmn(−1)ϕ(k)
)
z¯iz¯j z¯ϕ(k)
∂
∂z¯l
∧ ∂
∂z¯m
∧ ∂
∂zn
.
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It implies that the H∗-invariant condition of w is given by
bijklnm = (−1)j+mb¯iϕ(j)klϕ(m)n = (−1)k+n3aijϕ(k)lmϕ(n).
Hence, bijklmn is uniquely determined by (aijklmn) satisfying
aijklmn = (−1)i+j+k+l+m+na¯ϕ(i)ϕ(j)ϕ(k)ϕ(l)ϕ(m)ϕ(n) . (7)
We also have the isomorphism
W3 ∼= S3 ⊗ ∧3(⊗3gl(2,H)) /S3 ⊗ ∧3(⊗2gl(2,H) ⊗ 〈E〉R).
In the next subsection, we will see that the space Wq is identified with a real form of the
space induced by C∗-invariant holomorphic q-vectors on C4\{0} for each q = 1, 2, 3.
4.3 The real structures on V˜q and Vq
We define the map Φ : Γ(TCC4\{0})→ Γ(TCC4\{0}) by
Φ(u) = dj(u)
for any u ∈ Γ(TCC4\{0}). Then the map Φ is anti-C-linear and preserves the inner product
given by the standard Riemannian metric on C4. Since Φ2(u) = u for any C∗-invariant
holomorphic 1-vector u on C4\{0}, the map Φ defines the real structure on the space V˜q
of C∗-invariant holomorphic q-vectors on C4\{0} for each q. We denote by V˜ Req the real
form of Φ, that is, the set of fixed points of Φ.
Proposition 4.1. There exists an isomorphism W˜q ∼= V˜ Req given by the map
w 7→ wq,0
for w ∈ W˜q.
Proof. Let w be an element of W˜q. Then w is H
∗-invariant if and only if the coefficient
matrix (ai1i2···i2q−1i2q ) of the (q, 0)-part w
q,0 satisfies
ai1i2···i2q = (−1)i1+i2+···+i2q a¯ϕ(i1)ϕ(i2)···ϕ(i2q)
by the equations (4), (6) and (7) in the previous subsection. On the other hand, under
the identification of V˜q ∼= SqC4 ⊗ ∧q(C4)∨, the real structure Φ can be written by
Φ(ai1i2···i2q ) = (−1)i1+i2+···+i2q a¯ϕ(i1)ϕ(i2)···ϕ(i2q)
for (ai1i2···i2q−1i2q ) ∈ SqC4⊗∧q(C4)∨. Hence, wq,0 is in V˜ Req . It means that the correspon-
dence w 7→ wq,0 defines the map W˜q → V˜ Req . Conversely, for any element wq,0 of V˜ Req ,
we can uniquely determined an element w of W˜q such that the (q, 0)-part is w
q,0 by the
argument in previous subsection. Hence the map W˜q → V˜ Req is isomorphic.
It follows from Φ(l) = l that Φ preserves the complex vector space 〈l〉
C
. Hence, Φ
provides the real structure on the space Vq ∼= V˜q / V˜q−1 ∧ 〈l〉C. We denote by Φ the real
structure on Vq, again. Then, we regard the space Wq as the real form V
Re
q of Vq :
Corollary 4.2. There exists an isomorphism Wq ∼= V Req given by the map
dp(w) 7→ dπ(wq,0)
for w ∈ W˜q.
Proof. Wq ∼= W˜q / W˜q−1 ∧
〈
l + l¯
〉
R
∼= V˜ Req / V˜ Req−1 ∧ 〈l〉R ∼= V Req .
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4.4 The Schouten bracket on S4
The Schouten bracket of C4\{0} satisfies the relation
[Φ(w),Φ(w′)]Sch = Φ[w,w′]Sch
for any 2-vectors w,w′ on C4\{0} since Φ is isometric and preserves the Riemannian
connection on C4\{0}. We recall that the map Φ defines the real structure on the space
V˜2 of C
∗-invariant holomorphic 2-vectors on C4\{0}. Let w,w′ be two elements of the real
form V˜ Re2 of V˜2. Then the Schouten bracket [w,w
′]Sch is in the real form V˜ Re3 of V˜3 since
[w,w′]Sch = [Φ(w),Φ(w′)]Sch = Φ[w,w′]Sch. Thus, the Schouten bracket maps V˜ Re2 × V˜ Re2
to V˜ Re3 .
Proposition 4.3. Let u, v be elements of W˜2. The equation [dp(u), dp(v)]Sch = 0 is
equivalent to [dπ(u2,0), dπ(v2,0)]Sch = 0.
Proof. If we take two elements u, v of W˜2, then the (3, 0)-part [u, v]
3,0
Sch = [u
2,0, v2,0]Sch of
the Schouten bracket [u, v]Sch is in V˜
Re
3 . It follows from Proposition 4.1 that [u, v]Sch is
in W˜3. The equation dp([u, v]Sch) = 0 is equal to dπ([u, v]
3,0
Sch) = 0 by the isomorphism
W3 ∼= V Re3 in Corollary 4.2. The projection p and π preserve the the Schouten bracket
[·, ·]Sch. Hence [dp(u), dp(v)]Sch = dp([u, v]Sch) = 0 if and only if [dπ(u2,0), dπ(v2,0)]Sch =
dπ([u, v]3,0Sch) = 0.
Proposition 4.3 implies that any Poisson structure on HP1 which is in W2 corresponds
to a holomorphic Poisson structure on CP3 which is in the real form V Re2 of V2. Under the
identification of V˜q with S
q
C
4⊗∧q(C4)∨, the Schouten brackets on V˜2 and V2 are given by
the maps F˜ and F as in §3.2, respectively. Then the Schouten bracket on W2 corresponds
to the map F restricted to S2⊗∧2(gl(2,H)⊗ gl(2,H)) /S2 ⊗∧2(gl(2,H)⊗ 〈E〉
R
). Hence,
we have
Theorem 4.4. The space of Poisson structures on HP1 induced by holomorphic Poisson
structures on CP3 is identified with
{a ∈ S2 ⊗ ∧2(gl(2,H) ⊗ gl(2,H)) /S2 ⊗ ∧2(gl(2,H) ⊗ 〈E〉
R
) | F (a, a) = 0},
and it is the real form of the space of holomorphic Poisson structures on CP3. 
The space has the R∗-action induced by the C∗-action on the space of holomorphic
Poisson structures on CP3. The quadratic polynomial F (a, a) has real coefficients. Hence,
we obtain
Corollary 4.5. The quotient of the space of Poisson structures on HP1 induced by holo-
morphic Poisson structures on CP3 by the R∗-action is a real projective algebraic variety.

4.5 Examples of Poisson structures on S4
In order to check that dp(w) is a non-zero 2-vector on HP1, we represent 1-vectors by using
the local coordinate of HP1. Let U ′m be the open set {[h0, h1] ∈ HP1|hm 6= 0} of HP1 for
m = 0, 1. The functions s0 = h1h
−1
0 and s1 = h0h
−1
1 provide coordinate on U
′
0 and U
′
1,
respectively. We can write h0 = (z0, z1) and h1 = (z2, z3) by using the complex coordinate
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(z0, z1, z2, z3) of C
4\{0}. On the local coordinate (U ′0, s0), if we denote the inhomogeneous
coordinate s0 by t0 + jt1, then we have
dp(
∂
∂z0
) = −t0 ∂
∂t0
− t1 ∂
∂t1
, dp(
∂
∂z1
) = t¯1
∂
∂t0
− t¯0 ∂
∂t1
, dp(
∂
∂z2
) =
∂
∂t0
, dp(
∂
∂z3
) =
∂
∂t1
at z0 = 1, z1 = 0, z2 = t0, z3 = t1. Similarly, on U
′
1 with the coordinate s1 = t0 + jt1, we
also have
dp(
∂
∂z0
) =
∂
∂t0
, dp(
∂
∂z1
) =
∂
∂t1
, dp(
∂
∂z2
) = −t0 ∂
∂t0
− t1 ∂
∂t1
, dp(
∂
∂z3
) = t¯1
∂
∂t0
− t¯0 ∂
∂t1
at z0 = t0, z1 = t1, z2 = 1, z3 = 0.
Let u and v be two complex 1-vectors on C4\{0}. If u+ u¯ and v+ v¯ are H∗-invariant,
then the Schouten bracket of the real 2-vector dp(u + u¯) ∧ dp(v + v¯) on HP1 is given by
2dp([u, v]+ [u, v])∧ (u+ u¯)∧ (v+ v¯)). It implies that dp(u+ u¯)∧dp(v+ v¯) defines a Poisson
structure in the case of [u, v] = 0. In general, if we take n 1-vectors v1, . . . , vn on C
4\{0}
such that [vi, vj ] = 0 for i, j = 1, . . . , n, then a real 2-vector
∑
i<j aijdp(vi+ v¯i)∧dp(vj+ v¯j)
is a Poisson structure for a constant aij ∈ R by the similar argument of CP3.
Example 4.6. We define 1-vectors v1, v2, v3 by
v1 = z0
∂
∂z0
+ z1
∂
∂z1
, v2 = i(z0
∂
∂z0
− z1 ∂
∂z1
), v3 = i(z2
∂
∂z2
− z3 ∂
∂z3
)
on C4\{0}. Then [v1, v2] = [v1, v3] = [v2, v3] = 0. We can also check that each push
forward dp((v1 + v¯1) ∧ (v2 + v¯2)), dp((v1 + v¯1) ∧ (v3 + v¯3)), dp((v2 + v¯2) ∧ (v3 + v¯3)) is a
non-zero 2-vector on HP1 by using the local coordinate U ′0. Hence we obtain a family of
Poisson structures
a1dp((v1 + v¯1) ∧ (v2 + v¯2)) + a2dp((v1 + v¯1) ∧ (v3 + v¯3)) + a3dp((v2 + v¯2) ∧ (v3 + v¯3))
for a1, a2, a3 ∈ R.
5 Poisson structures on CPm and HPn
In this section, we generalize the above argument to the higher dimensional case CPm and
HP
n.
5.1 Holomorphic Poisson structures on CPm
We denote by (z0, z1, . . . , zm) the standard coordinate of C
m+1. Let π be the projection
C
m+1\{0} → CPm. The action of C∗ on Cm+1\{0} induces the vector field
l = z0
∂
∂z0
+ z1
∂
∂z1
+ · · ·+ zm ∂
∂zm
on Cm+1\{0}. We can regard the space of holomorphic 2-vectors on CPm as the quotient
space {∑
i,j,k,l
aijklzizj
∂
∂zk
∧ ∂
∂zl
∣∣∣ aijkl ∈ C} / {(∑
i,j
aijzi
∂
∂zj
) ∧ l
∣∣∣ aij ∈ C}
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which is identified with
S2Cm+1 ⊗ ∧2(Cm+1)∨ /S2 ⊗ ∧2(sl(m+ 1,C) ⊗ 〈E〉
C
)
where S2 ⊗ ∧2 is the projection from gl(Cm+1) ⊗ gl(Cm+1) ∼= (⊗2Cm+1) ⊗ (⊗2(Cm+1)∨)
to S2Cm+1 ⊗ ∧2(Cm+1)∨. The Schouten bracket for C∗-invariant 2-vectors on Cm+1\{0}
can be considered as the map
F˜ : S2Cm+1 ⊗ ∧2(Cm+1)∨ × S2Cm+1 ⊗ ∧2(Cm+1)∨ → S3Cm+1 ⊗∧3(Cm+1)∨.
The Schouten bracket on CPm is given by the map from S2Cm+1 ⊗ ∧2(Cm+1)∨/{S2 ⊗
∧2(sl(m + 1,C) ⊗ 〈E〉
C
)} × S2Cm+1 ⊗ ∧2(Cm+1)∨/{S2 ⊗ ∧2(sl(m + 1,C) ⊗ 〈E〉
C
)} to
S3Cm+1 ⊗∧3(Cm+1)∨/{S3 ⊗∧3(⊗2sl(m+1,C)⊗ 〈E〉
C
)} induced by F˜ . We denote by F
the induced map. Then, we have
Proposition 5.1. The space of holomorphic Poisson structures on CPm is identified with
{a ∈ S2Cm+1 ⊗ ∧2(Cm+1)∨ /S2 ⊗ ∧2(sl(m+ 1,C)⊗ 〈E〉
C
) | F (a, a) = 0}.
Moreover, the quotient of the space by the C∗-action is a projective algebraic variety. 
We provide some examples of Poisson structures on CPm.
Example 5.2. We define v1 by the 2-vector
v1 = z0zi
∂
∂zj
∧ ∂
∂zk
on Cm+1\{0} for 1 ≤ i, j, k ≤ m. Then the Schouten bracket of dπ(v1) vanishes on CPm.
Hence the push forward dπ(v1) is a Poisson structure on CP
m.
Example 5.3. We take the 2-vector
v2 = (z0
∂
∂z1
− z1 ∂
∂z0
) ∧ (zi ∂
∂zj
− zj ∂
∂zi
)
on Cm+1\{0} for 1 ≤ i < j ≤ m. Then dπ(v2) is a Poisson structure on CPm.
Example 5.4. We define v3 by the 2-vector
v3 = (z0
∂
∂z1
+ z1
∂
∂z0
+ zi
∂
∂zi+1
+ zi+1
∂
∂zi
) ∧ (z0 ∂
∂zi+1
+ z1
∂
∂zi
+ zi
∂
∂z1
+ zi+1
∂
∂z0
)
on Cm+1\{0} for 2 ≤ i ≤ m. Then dπ(v3) is a Poisson structure on CPm.
Example 5.5. We define u1, u2, . . . , um by the 1-vectors
u1 = z1
∂
∂z1
, u2 = z2
∂
∂z2
, . . . . . . , um = zm
∂
∂zm
on Cm+1\{0}. Then, we obtain a family of the Poisson structures
a12dπ(u1 ∧ u2) + a13dπ(u1 ∧ u3) + · · · + am−1mdπ(um−1 ∧ um)
for a12, a13, . . . , am−1m ∈ C.
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5.2 Poisson structures on HPn
The space Hn+1 is isomorphic to the right C-module C2n+2 under the identification of H
with C2(∼= C+ jC). The right action of j on C2n+2\{0} induces the map j : C2n+2\{0} →
C
2n+2\{0} given by
(z0, z1, . . . , z2n, z2n+1) 7→ (−z¯1, z¯0, . . . ,−z¯2n+1, z¯2n)
for (z0, z1, . . . , z2n, z2n+1) ∈ C2n+2\{0}. Let p be the projection from C2n+2\{0} ∼=
H
n+1\{0} to HPn. We consider real q-vectors on HPn given by the push forward of
H
∗-invariant real q-vectors with holomorphic (q, 0)-parts on C2n+2\{0}.
We define the map Φ : Γ(TCC2n+2\{0}) → Γ(TCC2n+2\{0}) by
Φ(u) = dj(u)
for any u ∈ Γ(TCC2n+2\{0}). Then the map Φ induces a real structure on the space of
the holomorphic 2-vectors on CP2n+1. We obtain
Theorem 5.6. The space of Poisson structures on HPn induced by holomorphic Poisson
structures on CP2n+1 is identified with
{a ∈ S2 ⊗ ∧2(gl(n + 1,H)⊗ gl(n + 1,H)) /S2 ⊗ ∧2(gl(n + 1,H)⊗ 〈E〉
R
) | F (a, a) = 0},
and it is the real form of the space of holomorphic Poisson structures on CP2n+1. More-
over, the quotient of the space by the R∗-action is a real projective algebraic variety. 
We provide some examples of Poisson structures on HPn.
Example 5.7. We take 1-vectors
u = i(z0
∂
∂z0
− z1 ∂
∂z1
), v = i(z2k
∂
∂z2k
− z2k+1 ∂
∂z2k+1
)
on C2n+2\{0} for k = 1, . . . , n. Then dp(u+ u¯)∧ dp(v+ v¯) is a Poisson structure on HPn.
Example 5.8. We define 1-vectors v1, . . . , vn+1 by
v1 = z0
∂
∂z0
+ z1
∂
∂z1
, v2 = i(z0
∂
∂z0
− z1 ∂
∂z1
), . . . , vn+1 = i(z2n
∂
∂z2n
− z2n+1 ∂
∂z2n+1
)
on C2n+2\{0}. We obtain a family of Poisson structures
a12dp((v1 + v¯1) ∧ (v2 + v¯2)) + a13dp((v1 + v¯1) ∧ (v3 + v¯3)) + · · ·
· · ·+ an−1n+1dp((vn−1 + v¯n−1) ∧ (vn+1 + v¯n+1)) + ann+1dp((vn + v¯n) ∧ (vn+1 + v¯n+1))
for a12, a13, . . . , an−1n+1, ann+1 ∈ R.
6 Poisson structures on S4 induced by holomorphic folia-
tions on CP3
In this section, we provide examples of Poisson structures on S4 associated with Cerveau
and Lins Neto’s classification of holomorphic foliations.
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6.1 Holomorphic Poisson structures on CP3 induced by holomorphic fo-
liations
There exist rich holomorphic foliations of codimension 1 on CP3. Especially, holomorphic
foliations of degree 2 are completely classified and the space of such foliations is decom-
posed into the six components [3]. Such a foliation is given by a holomorphic 1-form α on
C
4\{0}. The 1-form α induces a 2-vector w by the correspondence
α = il∧w(dz0 ∧ dz1 ∧ dz2 ∧ dz3) (8)
on C4\{0}. Such a 2-vector w is not uniquely determined by the 1-form α since there
exists an ambiguity for 2-vectors factorized by l. The correspondence w 7→ α induces the
map S2C4⊗∧2(C4)∨ → S3C4⊗(C4)∨. It is well-known that the push forward dπ(w) is the
Poisson structure on CP3. Actually, the integrability condition α∧dα = 0 is equivalent to
[w,w]Sch∧ l = 0. Pym provided a correspondence of the 1-form α to a unimoduler Poisson
bracket {, } on C4 by
{f, g} = df ∧ dg ∧ dα
dz0 ∧ dz1 ∧ dz2 ∧ dz3
for functions f, g [10]. The Poisson bracket {, } induces a Poisson structure dπ(w) on CP3
given by
w =
3∑
i,j=0
dzi ∧ dzj ∧ dα
dz0 ∧ dz1 ∧ dz2 ∧ dz3
∂
∂zi
∧ ∂
∂zj
(9)
on C4\{0}.
6.2 Poisson structures on S4 induced by holomorphic foliations on CP3
We define a transformation Φ on the space of p-forms on C4\{0} by
Φ(θ) = j∗θ
for a p-form θ. We consider a holomorphic 1-form on C4\{0} associated with a holomorphic
foliation of degree 2 on CP3. The coefficients of such a 1-form are polynomials of degree
3. The transformation Φ is a real structure on the space of 1-forms whose coefficients
are polynomials of degree 3 on C4\{0}. Let α be a 1-form on C4\{0} associated with a
holomorphic foliation of degree 2 on CP3. The 1-form α induces a 2-vector w such that
dπ(w) is the Poisson structure on CP3 by the correspondence (8). If the 2-vector w is real
with respect to the real structure defined in §4.3, then the 1-form α is real with respect
Φ. In general, the converse is not true by the choice of the 2-vector w for the 1-form α.
However, under the correspondence (9) it is true :
Theorem 6.1. The 2-vector w given by (9) is real if the 1-from α is real.
Proof. It follows from Φ(dzi) = (−1)i+1dzϕ(i) and Φ( ∂∂zi ) = (−1)i ∂∂zϕ(i) that Φ(w) = w if
Φ(α) = α.
Therefore, any 1-form α which is real with respect to Φ associated with a foliation of
degree 2 on CP3 induces a Poisson structure on S4.
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6.3 Examples of Poisson structures on S4 associated with holomorphic
foliations on CP3
The space of holomorphic foliations of degree 2 on CP3 is decomposed into the six compo-
nents L(1, 1, 1, 1), L(1, 1, 2), R(2, 2), R(1, 3), S(2, 3), E(3) (we refer to [3] for the definitions
of these components). We provide a 1-form which is real with respect to Φ associated with
such components.
The L(1, 1, 1, 1) component
The component L(1, 1, 1, 1) is given by the closure of the GL(4,C)-orbit of the following
one form
α = z0z1z2z3
3∑
i=0
ai
dzi
zi
for a0, . . . , a3 ∈ C such that
∑3
i=0 ai = 0. The form α is real with respect to Φ if and only
if a1 = a0, a3 = a2 and Re a2 = −Re a0, that is,
α = z0z1z2z3
(
a0
dz0
z0
+ a0
dz1
z1
+ a2
dz2
z2
+ a2
dz3
z3
)
for a0, a2 ∈ C with Re a2 = −Re a0. Then the 2-vector w given by (9) induces the Poisson
structure on S4.
The L(1, 1, 2) component
We identify SiC4 with the space of homogeneous polynomials of degree i on C4\{0}. We
define an one form α by
α = z0z1f
(
a0
dz0
z0
+ a1
dz1
z1
+ a2
df
f
)
for f ∈ S2C4 and a0, a1, a2 ∈ C such that a0 + a1 + 2a2 = 0. The one form α induces the
foliation of the L(1, 1, 2) component. The form α is real if and only if

f = cz0z1, |a0| 6= |a1|,
f = f2 + f1z0 +
a1
a0
Φ(f1)z1 +
√−1 r
a0−a1 , |a0| = |a1|, a0 6= a1,
f = f2 + f1z0 +
a1
a0
Φ(f1)z1 + c
′, a0 = a1
(10)
for r ∈ R, c, c′ ∈ C, f1 ∈ S1 〈z2, z3〉C and f2 ∈ S2 〈z2, z3〉C with Φ(f2) = −a1a0 f2, where
Si 〈z2, z3〉C is the space of homogeneous polynomials of degree i of z2 and z3.
The R(2, 2) component
The component R(2, 2) is consisted by 1-forms
α = gdf − fdg
for f, g ∈ S2C4. If we take f, g in gl(2,H)∩S2C4, then α = gdf − fdg is real with respect
to Φ. For example, (f, g) = (z20 + z
2
1 ,
√−1 z0z1), (z20 + z21 + z22 + z23 ,
√−1 z0z1), (z20 + z21 +
z22 + z
2
3 ,
√−1 (z0z1 + z2z3)).
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The R(1, 3) component
Let α be a 1-form
α = 3fdz0 − z0df
for f ∈ S3C4. Then the form α is in the component R(1, 3). The form α is real if and
only if f = c′z30 + cz
2
0z1 +
√−1 rz0z21 + cz31 for r ∈ R and c, c′ ∈ C, i.e.,
α = (cz20z1 + irz0z
2
1 + cz
3
1)dz0 − (cz30 +
√−1 rz20z1 + cz0z21)dz1
for r ∈ R and c ∈ C. The example is also contained in the S(2, 3) component.
The S(2, 3) component
We define a 1-form α by
α = f0dz0 + f1dz1 + f2dz2
for f0, f1, f2 ∈ S3 〈z0, z1, z2〉C. The form α is real if and only if f2 = 0 and f1 = −Φ(f0),
i.e.,
α = f0dz0 − Φ(f0)dz1
for f0 ∈ S3 〈z0, z1〉C.
Remark 6.2. The set of Poisson structures corresponding to the exceptional component
E(3) is given by the closure of the GL(4,C)-orbit of the Poisson structure (z0
∂
∂z1
+z1
∂
∂z2
+
z2
∂
∂z3
) ∧ (5z0 ∂∂z0 + z1 ∂∂z1 − 3z2 ∂∂z2 − 7z3 ∂∂z3 ) [10]. The Poisson structure is not real.
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